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Abstract. The properties of gravitational kinks are studied within some simple models 
of two dimensional gravity. In spacetimes of cylindrical topology we prove the existence 
of kinks of constant curvature with arbitrary kink numbers. In x spacetimes m = 1 
kink solutions of the equation R = are found, whereas |m| > 1 flat kinks are proved 
not to exist. We give a detailed analysis of the behaviour of gravitational kinks under 
coordinate transformations. Viewed as nonsingular black holes |m| > 1 kink solutions are 
found within a simple dilaton gravity theory. The general form of the potential function is 
determined from the demand that the theory possesses an arbitrary number of inequivalent 
kink configurations. 
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1. Introduction 

Over the years there has been a considerable interest in two dimensional gravity 
theories. This is primarily because, apart from being interesting in themselves, these 
models are simple enough to serve as useful tools for studying effects of mathematically 
more complicated four dimensional spacetime physics. 

The two dimensional problem we are concerned with in this paper is related to the ex- 
istence of four dimensional gravitational kinks of Finkelstein and Misner [1] . In a number of 
papers [2-9] the properties of these topologically nontrivial metric configurations have been 
analysed. They have been shown to possess a twisting light-cone structure with regions of 
anomalous causality. Each twist, being surrounded by a one-way surface through which 
causes can propagate in only one direction, is an example of a nonsingular black hole. A 
dynamical model containing solutions of this type is, however, missing. It has further been 
shown that the configuration space of four dimensional kinks is double connected providing 
a basis for the existence of double- valued wave functions. Unfortunately, the hope that 
gravitational kinks could be quantized as fermions has disappeared after it has been real- 
ized that each homotopy class of metric configurations contains a spherically symmetric 
one [10]. Spherical symmetry of four dimensional kinks tells us that they are basically two 
dimensional objects. The mechanism for their existence is a feature of two dimensional 
spacetime. Indeed, it has been shown in reference [11] that two dimensional metrics with 
Minkowski signature possess similar homotopy structure to that of four dimensional case. 

The purpose of this paper is to study the properties of two dimensional gravitational 
kinks within some simple physical models. In section two the homotopy structure of the 
space of metric components is analysed and the generalized Liouville equation in spacetimes 
of X topology is solved showing that gravitational kinks of constant curvature do exist 
on a cylinder. These solutions are, however, inappropriate to be viewed as nonsingular 
black holes since their horizons are uniformly disposed over the space. Section three 
is devoted to the analysis of kink-type nonsingular black holes in spacetimes of trivial 
topology. The equation R = is solved using generalized light cone coordinates. Only 
one-kink regular solutions are found to exist in accordance with the simple observation 
that more than one kink is needed to form a genuine black hole. The transformation 
properties of gravitational kinks are analysed in detail. In section four a model of two 
dimensional gravity coupled to a nonphysical dilaton field is considered. The potential 
term is determined from the requirement that the theory admits an arbitrary number of 
inequivalent stationary kink configurations. 
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2. Kinks on a cylinder 



In two spacctime dimensions the space of components of the metric tensor (7^,^ is three 
dimensional. There is, however, a forbidden region in this space defined by vanishing 
metric determinant. The corresponding equation g = goo9ii ~ (fi'oi)^ = defines a cone- 
shaped two dimensional surface which devides the space of metric components into three 
separate regions each characterized by a definite signature. The figure 1 clearly shows 
that the only topologically nontrivial region is that of Minkowski signature. It is obviously 
multiply connected with the first homotopy group being the group of integers. 

In spacetimes of x topology the corresponding configuration space is represented 
by closed loops which completely lie in one connected region. A noncontractible loop, m 
times wound around the forbidden surface g = 0, is called a kink and is attributed the 
kink number m. Let us choose representatives, one in each homotopy class of metric 
configurations, to be 

m _ f cosmcr sinmcr \ 
^^^'^ ~ \ sin ma — cos ma J ^ ' 

where a runs from to 2tt and m is an integer. The metric (1) is represented by a loop 
which leaves the point g^i, = rj^i, (denoted by M in figure 1), winds m times around the 
surface g = and ends in ^^j^ = ry^^, again. It is obvious that no continuous coordinate 
transfomation can map kinks with different kink numbers into each other. The discrete 
transformation of time reversal, however, maps kinks into antikinks [1]. The light cone 
structure of the g'^,^ kinks is found to be defined by the equation 

dr cosma 

— = . (2) 

da sin ma ± 1 

As shown in figure 2 the light cones twist along the cr-axis just as light cones of Finkelstein 
and Misner do. The m-kink is characterised by m/2 twists. 

Let us now try to find a physical model possessing kink solutions on a cylinder. The 
simplest equation = is a two dimensional analogue of the free Einstein equation in 
four dimensions. Can gravitational kinks on a cylinder be flat? As shown in reference [11] 
any two dimensional metric with Minkowski signature can be written in the form 



^ , cos lb sin lb 
'^^ \ sin — cos ip 



One of the functions (p ot ip could further be specified but the usual choice V' = is too 
restrictive excluding all kink metrics. Our choice of gauge. 
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is quite acceptable in that respect, although also incomplete. With this gauge choice the 
equation R = reduces to 

mo 

D(p + m cos ma = (3) 

m 

where □ stands for the covariant D'Alambertian of the metric (7^. To solve the equation 
(3) we shall make use of the generalized light cone coordinates 

x"^ = ^= [ T — ^ In (1 T sin ma) ] 

obtained by integrating the equations (2). The new coordinates are well defined only in 
regions of nonvanishing cos mtj. Skipping the details of the calculation we just present the 
result. The general solution of the equation (3) is given by 

Lp — —mr + A{x~^) + B{x~) 

where A and B are two arbitrary functions. Since our light cone coordinates are defined 
only between zeros of cosmu we must separately check the regularity of (f. A simple 
observation 

-± = ^-mV2x^ ^ ^ sinm(7)e-^^ 

leads us directly to the manifestly regular form of (p, 

(f = -mr + A{x'^) + B{x~) . 

Therefore, flat kinks do exist on a cylinder. Note, that this conclusion is not in discrepancy 
with the known result that it is always possible to flnd coordinate transformations which 
map an arbitrary flat metric into the Minkowski metric. Namely, this theorem is valid 
only locally and only in simply connected regions of a manifold. This is certainly not the 
case with the regions which accommodate kinks on a cylinder. 

Let us briefly mention in the end of this section that kinks of constant curvature also 
exist on a cylinder. The equation R — \ leads to the generalized Liouville equation 

□ — A + m cos ma = 

with the general solution of the form 

cosma (1 — AB)"^ 

A tedious analysis shows that the functions A{x'^) and B{x~) can be chosen to ensure 
regularity of the solutions. 
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3. Kinks in x spacetimes 



Gravitational kinks on a cylinder arc not good analogues of realistic nonsingular black 
holes because their horizons are disposed all over the space. For that reason, in this 
section, we analyse 2d gravitational kinks in spacetimes of trivial topology. Homotopy 
considerations are the same as in the preceding section provided the boundary values of 
the metric are kept fixed. In each homotopy class we choose an asymptotically Minkowskian 
representative 



(m) ^1 I 

^f^" \ sin mO - cos mO J 

with 9 given by ^ = tt + 2 arctgcr and a running from — oo to +oo. It has been suggested 
[11] that one could make use of a singular coordinate transformation to obtain R^ x R^ 
kinks from R^ x 5"^ ones. We do not use this technique because it leads to geodesically 
incomplete solutions even in the asymptotic region which is highly undesirable if we want to 
view gravitational kinks as analogues of realistic black holes. Instead, we restrict ourselves 
to the metric configurations of the form 

9,^ = e^^i-) . (4) 

The light cone structure of this geometry has the twisting nature of figure 2 but is asymp- 
totically Minkowskian. The lines cosmO = define the horizons of the corresponding 
black hole. 

Now, let us try to solve the equation R = in the gauge (4). First, we solve the 
equation ds"^ — and define the light cone coordinates 

y^^^[r-Sm{TO)] (5) 

with 

f cos mOdO 

= J (l-cos^)(l + sinm^) ' 

The coordinates are well defined only between zeros of the function cos m6 . The 
equation R = 0, rewritten as 

(m) 

□ ^- (cos m6')" = (7) 
(primes denote differentiation over a) has a particular solution of the form 

<fpar = — In I cos m9\ . (8) 



COS m9 sin m9 \ 
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On the other hand, the homogeneous equation is most easily solved in the light-cone 
coordinates (5) in which 

(m) 2 

cos mO 

Using this fact we find the general solution of the equation (7) to be 

(fi = A{y+) + B{y~) -In \ cos m0\ . (9) 

This solution is manifestly regular only in regions of nonvanishing cos m9 . Is it possible 
to choose the functions A and B and make (p regular everywhere? 

In the simplest case m = 1 one easily solves the integral (6) and finds 

y± = ^(r±c7-21n|c7±l|) 
v2 

whereas the particular solution (8) boils down to 

fpar = + y") + In (1 + (7^) - T . 

Consequently, the general solution (9) can be rewritten in the form 

<p = C{y+) + D{y-) + In (1 + a^) - r (10) 
or, if we use the coordinates 

y± = e-^y^ = (1 ± C7)2e-^^'^ 

in the manifestly regular form 

= C{y+) + D{y-) + In (1 + a^) - T . 

By choosing the functions C and D to be everywhere well defined we prove the existence 
of flat m = 1 kinks in spacetimes of trivial topology. An example of this kind is considered 
in reference [11]. 

Although kinks cannot be deformed into no-kink configurations the fact that R = 
tells us that there must exist a continuous transformation which maps between (10) and 
the Minkowski solution. It is not difficult to explain the apparent inconsistency of this 
result. As we mentioned at the beginning of this section the homotopy considerations in 
topologically trivial spacetimes make sense only if the boundary values of the metric are 
kept fixed. The fact that a one-kink solution can be transformed into a no-kink solution 
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only means that the corresponding coordinate transformation does change the asymptotics. 
To see this we shall make use of figure 2 where twisting light cones of an m = 1 kink 
are displayed, and try to draw purely spacelike and timelike coordinate lines. These are 
necessary ingredients of any coordinate system in which light cones do not twist. The result 
is shown in figure 3. We see that it is indeed possible to construct no-kink coordinates but 
also that it is impossible to do so without moving the points of cr-infinity. The analysis of 
figure 3 is in agreement with Finkelstein's argument that spacetimes which admit a global 
family of spacelike surfaces do not have actual kinks [10]. 

Similar analysis can also be done for \m\ > 1. The set of timelike and spacelike lines for 
a two-kink metric is shown in figure 4. We see that these lines cannot be used as coordinate 
lines of a global coordinate system. Consequently, it is not possible to transform m = 2 
kinks (and the same holds for \m\ > 2) into no-kink configurations. We conclude that 
regular |m| > 1 solutions of the equation R = do not exist. To support this conclusion 
we shall analyse the behaviour of the general solution (9) in the neighbourhood of the light 
cone singular points. Without loss of generality we restrict ourselves to the case m = 2. It 
is easy, then, to show that there are four singular points — horizons, 

(71 = -(1 + V^) a2 = l-V2 

(73 = -(1 - \/2) (74 = 1 + \/2 

which devide the cr-axis into five separate regions. In each region we are free to choose the 
functions A and B independently. To be able to analyse their behaviour in the vicinity 
of the horizons we first solve the integral (6) and find the explicit form of the light cone 
coordinates: 

y"*" ~ (7i In |(7 — (7i I — (73 In |(7 — (73I 
J/~ ~ (72 In |(7 — (72 I — (74 In |(7 — (74 I . 

At the same time the behaviour of the particular solution (8) is given by 

In I cos2^| ~ In |(7 — (7i| + In |(7 — (72I + In |(7 — (73I + In |(7 — (74I . (11) 

We see that the functions A and B must diverge linearly to cancel the infinite contributions 
of (11). Let us consider the following two regions of the cr-axis: (cti, (72) and ((72, (73). The 
corresponding A functions we shall denote by Ai and A2. Then, the requirement that the 
function (p be finite at the points a = ai and cr = (73 gives 

Ai — y"*" and ^2 ~ ■ 

(7i (73 
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We notice that the rates of decrease of the two functions differ. On the other hand, the 
demand for continuity of the function at the point a = ui-, where y'^ is finite, gives 



^i(y+) =^2(2/+) + const . 



This constraint imphes identical asymptotic behaviour of the functions Ay and which 
contradicts their formerly established asymptotics. We conclude that regular two-kink 
solutions of the equation i? = in topologically trivial spacetimes do not exist. The same 
holds for |m| > 2. 

For the analysis we just presented the gauge choice (4) was not essential. There are 
metric configurations, not covered by our gauge choice, which also have twisting light 
cones even if their kink number is zero. An example is the loop of figure 1 n times wound 
around the forbidden surface and then n times unwound in the opposite direction. Such 
configurations do not admit global families of spacelike lines and, consequently, cannot be 
flat. They are examples of m = nonsingular black holes. 

4. Kinks in dilatonic gravity 

In quest of a physical model accommodating gravitational kinks as analogues of four 
dimensional nonsingular black holes we shall consider a simple dilaton gravity theory given 
by the action 



This kind of theory has already been considered in reference [12] where the form of the 
potential has been determined from the requirement that the theory admits nonsingular 
black hole solutions. Similar constructions of nonsingular black holes can also be found in 
references [13-18]. All these, however, are not kink type solutions. Following the idea of 
[12], recently developed in [19], we search for the potential 1^(0) which admits stationary 
kink configurations. Variation of the action (12) yields the field equations 



only two of which are independent. As in the preceding section we choose the gauge 
(4). Then, the most general stationary solution is obtained by substituting = 0(cr) 




(12) 




(13) 



and 



V^V^(/) + - ^p^T/((/)) = 



(14) 
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and = (fi{cr) into the field equations. Combining the time-time and the space-space 
components of the equation (14) we find 



0" - ip'cf)' = 

wherefrom either (p — const, or 

e*^ = acf)' a = const . (15) 

The value of the potential V{(f)) can also be explicitely expressed in terms of the dilaton 
field (j) by combining the time-time and the space-time components of (14). The result is 

{4>' cos mey = e'^V{(l)) . (16) 

Let us first consider the simplest case = const. Then, the full set of field equations 
is equivalent to 

= 00 n</'o) = R=-(^^^^ = X (17) 

where 0o and A are constants. If A = , we have already seen that kink solutions with 
\m\ > 1 do not exist. If A 7^ 0, the stationary equation R = X boils down to 

[-(a;cosm^)']' = a; (18) 

UJ 

where u> = Xe'-f and, consequently, w 7^ everywhere. When |m| > 1 the function uj cos m9 
changes sign at least four times. Then, (a; cos 7716*)' changes sign at least three times and 
so does {uj cos m9)' /u). It follows then that its derivative must change sign at least twice 
which is, according to (18), in contradiction with io ^ Q everywhere. Thus, there are no 
|m| > 1 kink solutions of the equations (17). 

The case 7^ const, is easily shown to be completely described by the equations (15) 
and (16) alone. To simplify further analysis we shall make use of the prepotential function 
VF(0) defined as 

.Vi,) . ^ . (19) 
The equation (16) is then easily integrated out to give 

^' cosmO = W{^) . (20) 

Without loss of generality we set the integration constant to zero. According to (15) the 
dilaton field 0(cr) is a monotonous function of a taking values in the interval D = {(f)-, (f)+) 
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defined by the endpoints 0(— oo) and 0(+oo). If the interval D is finite we see that W{(j)) 
must tend to zero as approaches its boundary. If D is infinite the function W{(f)) can go 
to infinity but not faster than 0{(f)). It follows also that the prepotential function W{(j)) 
must have the same number of zeros on D as cosmd does on the whole u-axis. Let us 
denote these zeros by and ai respectively (^ = 1, ...,2m). Taking the derivative of (20) 
then gives another constraint on W{(j)): 

dW \ ( d cos md , ,^ , 

(21a) 



da 



where < (f)i+i and CTj < (7i+i. Together with 



W{<P,) = 

W{(j)) — > as — > 0=p = finite (216) 

— ^ — > finite as <p —>■ (p^i — Too 


these constraints represent necessary conditions for the equation (20) to have well defined 
solutions. Given a continuous prepotential function VF(0) subject to the above constraints 
the equation (20) is easily integrated in each region < cr < CTj+i , 

dtp f da 

' + const (22) 



VF(0) J cos m9 

yielding a continuous and monotonous function 0(cr) on the whole u-axis. Furthermore, 
the integration constants in (22) can be chosen to ensure its differentiability. If the function 
W{(j)) has well defined higher derivatives then 0(cr) will be of the same kind. Therefore, 
the conditions (21) are also sufficient conditions for the field equations to admit regular 
m-kink solutions. 

Let us consider some examples. The easiest way to construct a potential with given 
properties is to choose a monotonous function 0(cr), substitute it into (20) to obtain 
W{(f){a)) as a function of cr, and then use a = cr(0) to find VF(0) itself. Taking the 
linear dilaton vacuum = cr as a starting point we thus find 

W {(f)) = Wm{(f>) = cos [me{(f>)] . (23) 

In particular, the one-kink and two-kink prepotentials are given by 
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The potential is determined from (19) up to a multiplicative constant. 

As our second example we shall consider the dilaton field of the form (f) = d{a). It 
follows then that 

W{(j)) = (1 - cos 0) cos mcj) . (24) 

In its domain D — {0,2n) this function has 2m zeros and consequently admits m-kink 
solutions. Notice, however, that, restricted to the domain between two neighbouring zeros, 
like, for example, Dq = (7r/2m, 37r/2m), the prepotential function W{4') has no zeros at all 
and the equation (22) has regular m = solutions. If we take Di = (tt — 37r/2m, 7r+37r/2m) 
as the domain of our function VF((/>) we see that the conditions (21) for the existence of 
m = 1 kinks are fulfilled up to a multiplicative constant. Since the potential function V{(p) 
is determined only up to a multiplicative constant, wc conclude that the field equations 
possess one-kink solutions. Thus, the choice (24) of the prepotential W{(f)) ensures the 
existence of three inequivalent kink configurations. 

In the end, let us comment on the possibility to have a potential which would allow 
for an arbitrary number of inequivalent kink configurations. If Dm {m = 0,1, ...,k) are 
disjoint finite domains of the prepotential functions Wm.{(l>) then it is possible to construct 
the function W{(f)) with the domain D D Dm such that its restriction to Dm is exactly 
Wm- If Wm admits m-kink solutions it follows that W will admit k + 1 inequivalent 
kink configurations with kink numbers taking values from to k. The theory of this kind 
will possess k — 1 types of nonsingular black holes. Our examples (23) and (24) describe 
nonsingular black holes in different background geometries. The first is asymptotically flat 
spacetime while the second is a spacetime of constant negative curvature. 

5. Concluding remarks 

We have studied in this paper the properties of two dimensional gravitational kinks 
as solutions of some simple physical models. In section 2 we have proved that spacetimes 
of X topology admit kink metric configurations of constant curvature. In particular, 
flat gravitational kinks of arbitrary kink number exist on a cylinder. Viewed as nonsingular 
black holes, however, these solutions are not appropriate since the horizons are uniformly 
disposed over the space. To study more realistic black hole solutions we switched our 
attention in section 3 to spacetimes of trivial topology. We have proved the existence 
of m = 1 flat gravitational kinks and argued that these cannot be black hole solutions 
since it is possible to transform them away. The corresponding coordinate transformations 
necessarily move the points of spatial inflnity. The formal |m| > 1 kink solutions of the 
equation R = 0, valid in regions between the horizons, have been shown to inevitably 
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contain singularities. It has been explained in detail why it is impossible to transform 
|m| > 1 kinks away. Finally, a simple model of dilaton gravity theory has been considered. 
It has been shown that a nontrivial potential function is needed if one wants the theory 
to accommodate nonsingular black hole solutions. The general form of the potential has 
been found to ensure the existence of stationary gravitational kinks and some examples 
have been given. We have also proved the possibility of choosing the potential function 
which admits an arbitrary number of inequivalent kink configurations. 
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Figure captions 



Figure 1. The surface g = in the space of metric components 
Figure 2. One-kink and two-kink light cone configurations 
Figure 3. SpaceUke and timeUke coordinate Hues for a one-kink metric 
Figure 4. Spacehke and timehke hues of a two-kink metric 
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